Abstract. Numerical solutions of some initial-boundary value problem associated with a particular reaction-diffusion systems namely Gray-Scott model responsible for spatial pattern formation are considered. The aim of this paper is to numerically solve the above system with coupled diffusion terms. Firstly, using some linear transformations, a general form of diffusion coupled reactiondiffusion system is converted into reaction-diffusion system with uncoupled diffusion terms and then, some finite difference schemes (based on (Hoff 1978) ) are constructed to obtain the solutions. Finally, the graphical representation of the numerical solutions are presented.
Introduction
Properties of analytical solutions of diffusion-coupled reaction-diffusion systems have been reported for instance in (Kirane 1989 , Badraoui 2002 , P. Collet 1994 , Kirane 1(1993 . For example consider the diffusion-coupled reaction-diffusion system ∂u ∂t = a∆u − uh (v) x ∈ Ω t > 0, ∂v ∂t = b∆u + d∆v + uh(v) x ∈ Ω t > 0,
with initial conditions
on a bounded domain Ω ⊂ R n with Neumann boundary conditions, b > 0, a = d,
is a differentiable nonnegative function on R. The major result of this has been regarded in (Kirane 1989 ) while the existence of global solutions for the system (1) on unbounded domains has been reported in (Badraoui 2002) . The existence of global solutions in R n for (1) with h(s) = v m has been studied in (P. Collet 1994) . The quasilinear system of reaction-diffusion equations ∂u ∂t
and with Neumann or Dirichlet boundary conditions, is studied in (Kirane 1(1993) where in particular, the existence of a globally bounded solution has been shown. Moreover, the large time behavior of the solution has also been discussed. This type of mathematical models may arise when constructing mathematical models for the reaction-diffusion processes of substances (eg. chemicals, species, deceases etc.) such that diffusion of one substance depend on the diffusion of some other substance appear in precess.
The Turing instability condition which give rise to pattern formation in reaction-diffusion system are well known (Murray 2003) . Some of such patterns formation reaction diffusion systems are Gray-Scott model (Webpage ????a) , Fitzhugh-Nagumo model (Webpage ????b) . Many researchers have studied numerical solutions of these systems without coupled diffusion terms (Seaid 2001 , Turk 1992 , Grindrod 1991 .
Above investigations of analytical solutions of diffusion-coupled reaction-diffusion systems and numerical solutions of pattern formation reaction diffusion systems motivated us to investigate numerical solutions of diffusion-coupled pattern formation reaction-diffusion systems.
We aim in investigating numerical solutions of diffusion-coupled pattern formation reaction-diffusion systems using finite difference techniques. The paper is organized as follows: In Section 2, we consider a general form of diffusion-coupled reaction-diffusion system and its transformation into a reaction-diffusion system with uncoupled diffusion terms. In Section 3, some finite difference schemes are constructed for a general form of reactiondiffusion system with uncoupled diffusion terms. In Section 4, numerical solutions, which are obtained using constructed semi-implicit finite difference method, of Gray-Scott type diffusion-coupled reaction diffusion system are presented. When semi-implicit finite difference scheme is applied to a reaction diffusion system, a system of linear equations arise in each time step. In order to solve these linear systems conjugate-gradient method has been used in computer programs.
General form of a diffusion-coupled reaction-diffusion system
Let v 1 (x, t), v 2 (x, t) ∈ R m be variables explaining some characteristics of model system (eg. concentration, population size) in suitable units. Consider the following general form of diffusion-coupled reaction-diffusion system:
3 and boundary conditions
Here 
Transformation of a diffusion-coupled reaction-diffusion system to a reaction-diffusion system with uncoupled diffusion terms Let us define the Linear transformations
Under L, the system of equations (5) is transformed to
By simplifying have
This system can be written in the form:
LW Somathilake: Numerical Solutions of Reaction-Diffusion systems ...
4
Ruhuna Journal of Science 4, pp. 1-12, (2009) where
The initial conditions are reduced to:
and boundary conditions are reduced to
Then the system is reduced to the form:
with initial data u(x, 0) = u 0 (x) for x ∈ Ω and boundary conditions ∂u ∂n = 0 for x ∈ ∂Ω t > 0.
This system has 2m number of equations. The reaction-diffusion system (5) with coupled diffusion terms is now reduced to the reaction-diffusion system (14) which has no coupled diffusion terms. This system can be solved numerically for approximate solutions of u = (v, w)
T . Finally, approximations for v 1 and v 2 can be obtained using L −1 transformation.
Finite Difference Schemes for reaction-diffusion systems
In this section finite difference schemes for reaction diffusion system (14) are constructed based on (Hoff 1978) . 
where C 1 is a constant which is independent of u and h j . Assuming that I has been defined and operators ∆ 2 j have been constructed, we replace the differential equation (14) with the finite difference equation
Where F is evaluated at (x k , t n ,U n k ). Here 0 ≤ θ ≤ 1, and U n ∈ Y is defined by U n k = U(x k , t n ) which is the corresponding finite difference approximation of u at the point (x k , t n ). Let and β j = τ/h 2 j . Then (15) may be written as:
Applying initial and boundary conditions the operator
posed. Let N be the cardinality of I and define
where t ≥ 0, U ∈ S N , and u ∈ Y . Using these notations the difference scheme (16) can be written in the following simple form:
Where L, Z and F are evaluated at (t n ,U n ). When θ = 0 in (18) we get
Since L, Z, and F are evaluated at n th time level, U-values at (n+1)th time level can be evaluated explicitly by above equation. These types of finite difference schemes are called th time level are expressed implicitly by U-value at nth time level. These types of finite difference schemes are called implicit schemes. When θ = 1/2 the scheme is called the Crank-Nicolsion finite difference scheme. The case θ = 1 is called semi-implicit scheme. This semi-implicit scheme is used in numerical simulations of this paper. In the following example the finite difference scheme is implemented on a domain in two dimensional space. EXAMPLE 1. Consider two dimensional case with
where N 1 and N 2 are such that (N 1 + 1)h 1 = b 1 − a 1 , (N 2 + 1)h 2 = b 2 − a 2 and usual second order approximation for the Laplacian operator. Then
where
T .
In the above Z 1i = (1, 0, ..., 0, 1)
¿From the equation (17) we get
That is we get
Numerical Experiments
In this section we consider pattern formation of diffusion coupled Gray-Scott model. The Gray-Scott model includes the following two irreversible reactions:
where U and V are two reacting specimens and P an inert precipitate. The mathematical model for this reaction-diffusion process is of the form:
where u and v are the concentrations of U and V respectively and d 1 and d 2 are their respective diffusion coefficients. η and ζ are dimensionless feed rates of first and second reaction respectively (Webpage ????a) . 
Gray-Scott model with coupled diffusion terms
We consider the following diffusion-coupled Gray-Scott model: 
where v 0 = 0.055328. It can be shown that above initial state and parameters satisfy the Turing instability conditions which are the conditions should satisfy by reaction diffusion systems in order to form spatial patterns (Murray 2003 , Turing 1952 . Numerical solutions of the reaction-diffusion system (20) subject to no-flux boundary conditions under initial data (21) are obtained using above introduced semi-implicit finite difference scheme. Surface plots of the v-component at different time levels of those numerical solutions are shown in Figures 1 and 2 Time evolution of V : Density plots of V at different time levels
According to these density plots it can be seen that these solutions form some spatial patterns.
Discussion
The constructed implicit Finite Difference scheme can be directly applied to solve the transformed (system with coupled diffusion terms to system without coupled diffusion terms) reaction diffusion system. After that, the solutions of the coupled-reaction diffusion system are obtained by applying inverse of the transformation.
However when transforming a diffusion-coupled reaction diffusion system to a reactiondiffusion system with uncoupled diffusion terms the reaction terms become more complicated. This may affect to convergence of the finite difference scheme. In order to get rid of this problem step sizes of time have to be shorter. Again this may cause to increase computational errors and computational time. It is expected to estimate and compare computational errors and computational time of these two methods in my future work.
